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On the Motion of the Structure Varying Multibody Systems
with Two-Dimenstonal Dry Friction
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In the present paper the dynamics of the structure varying multibody systems caused by

stick-slip motion with two-dimensional dry friction are analyzed. The methods to determine
friction force both in stick and slip states are described. The direct method of considering the

wagon bogie system as a structure varying system was used to consider two dimensional friction
at the wheelset-side frame connection. The concept of friction direction angle used to determine
the friction force components of two-dimensional dry friction both in the stick and slip motion
states was used. A speed depended friction coefficient was used and described approximately by

hyperbolic secant function. All switch conditions were derived and friction forces both for stick
and slip states. Some simulation results are provided.
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1. Introduction

Among mechanical systems there exist some
systems of which the degrees of the freedom will
vary with the change of the acting dry friction
force vector. A simple such system as Fig. 1
shows, mass 2 is on the mass] and exciting forces
F1l on m, and exciting force F2 on m,. The mo-
tions of mass | and mass 2 have two states : stick
together and slip against each other. The stick
motion means that the relative velocity V,=x,—
x2=0 and vice versa. For the stick motion the
two masses move together the number of degrees
of freedom of the system is one ; and for the slip
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motion the number of degrees of freedom of the
system become two. The system is therefore call-
ed a structure varying system due to friction
between two masses. The dynamic system is a
discontinuous system.

In the investigation on the dynamics of a rail-
way wagon bogie the two dimensional dry fric-
tion exists on the surfaces of a side frame con-

Fig. 1 A simple structure varying system
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tacting two wheelset axle in the longitudinal and
lateral directions as shown in Fig. 2. Because
of the effect of the dry friction the stick-slip
motions between the side frames and wheelsets
will take place. As a consequence, the degrees of
freedom of the system will vary according to the
different motion modes. For example, when the
relative velocity between a frame and a wheelset
is equal to zero then the frame and the wheelset
on the contact surface will move as one body both
in the longitudinal and lateral directions. These
structure varying systems can also be found in
other mechanical systems. In the previous inves-
tigation by the first author (Xia, 2002), friction
direction angle is introduced to determine the
friction force components. The angle plays a de-
cisive role in the analysis of the structure varying
system.

The friction coefficient may be determined
using Coulomb law, a static-dynamic friction mo-
del or relative velocity-dependent friction models
which can be described with various approximate
formulae. In our studies in order to use one for-
mula to replace all the friction models we provide
an approximate relation using the hyperbolic
secant function to describe the velocity-dependent
friction coefficient. By selection of different values
of only one parameter the formula yields different
steepness of the continuous curve that describes
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Fig. 2 The wagon bogie system
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the change from the static to the kinematical fric-
tion coefficient.

2. Methods to Determine
Friction Force Both
in Stick and Slip States

To describe the structure varying system caus-
ed by friction the key point is to determine the
friction force both in stick and slip states. There
are two methods to deal with the stick-slip mo-
tion caused by dry friction: one is the so called
direct method in which switch conditions are
used to control the motion states and the other
one is by introducing a dry friction element which
consists of a Coulomb friction calculator in series
with u spring. The friction force in stick state can
be approximately determined from the spring de-
gree of freedom. A suitable stiffness must be se-
lected to get acceptable simulation accuracy.

The friction element used in Vampire is des-
cribed as shownin Fig. 3, (Vampire, 2002). The
friction force is measured by relative displacement
of the stiffness &y both for stick and slip state. If
the spring torce larger than the static friction force
Fpps and the relative velocity is from zero the
acting friction force Fy=Fnu.: otherwise the
acting friction force equals the spring force. This
friction element is suitable to the case where there
is only dry friction connection between two rela-
tive movable bodies. This approach also has the
following shortcomings.

mea
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Fig. 3 Friction element used in Vampire
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The first is that during stick mode the relative
displacement between the two bodies is exactly
zero, but in this friction element the stiffness is
introduced to create a non-zero relative displace-
ment between the two bodies through a suitably
large stiffness element.

The second is that the viscous damping added
to this friction element may not actually be there.
The reason it added is that during stuck mode the
relative velocity between the two bodies is zero.

Finally, the stiffness element must be selected to
give suitable result, that means not small and not
large. For a small value the relative displacement
will be too large to be accepted for the practical
case ; for a large value high frequency noise will
be introduced to the simulation. To show this a
friction element of this type is applied to the sys-
tem in Fig. 3. The friction force both in stick and
slip states are shown in Fig. 4, where the para-
meters are: Fp,=I1N, p=p,=04. nmy=m,=
1 kg, k=5E4N/M.

Note the high frequency vibration in the stick

g=1m/s%

mode regions.

The second friction element was originally
developed by Kolsch and implemented into the
ADAMS/Rail later (Adams/Rail, 2002). The
principle of this method is described in Fig. 5.
The results are shown in Fig. 6.

The force between the body 1| and body 2 is
defined as:

AN

Fig. 4 Friction force from friction element used in
Vampire
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F=KAd+Fun (1

where Ad denotes the relative displacement be-
tween the two bodies and F; is defined as:

Fu

Fu=KAV{1=05(1+sign(AVXFu))| S i
1

1

where AV denotes the relative velocity between
the two bodies; H; denotes the maximal static
friction force and is the exponent of the transi-

tion.

MWAH
=N

VAR

Fig. 5 Friction element used in ADAMS/RAIL

\JU

Fig. 6 Friction force from friction element introduc-
ed in ADAMS/RAIL
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This method is more accurate than the first
one for the friction force calculation during stick
mode but it cannot be used to describe the case
where there is only dry friction connection be-
tween two relative movable bodies. The obvious
reason is that the parallel stiffness kp limits the
free relative motion between the two contacting
bodies in the x direction. The Adams/Rail fric-
tion element can better describe the case where
there is a spring connection between the two
bodies. In that case the friction element gives a
better approximate stick friction force, where
the parameters are: Fr=1 N, pys=p=04. my=
my=1kg, g=1m/s’, k=5E4 N/m.

For the direct method we take the system
shown in Fig. | as an example, for the slip motion
the friction force is determined by

Fu=Nuy sign(%,—x5) (3)

In that case the system has two degrees of free-
dom. For the stick motion, that is, the relative
velocity between my; and mi; is zero, the friction
force is then determined by (Xia, 2002)

1
Flls_

—m[sz1+m1Fz] (4)

The system has one degree of freedom during the
stick motion process. And the switch conditions
to control the motion from stick to slip are

X1—%2=0

(5)
(meFi+m o) < (mu+ ma) Nus
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Fig. 7 Friction forces and accelerations
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If the above conditions are met the motion of the
system is stuck, and vice versa. By this method the
friction force between two bodies of Figure 1 is
shown in Figure 7, where the parameters are:
N=IN, us=m=04, nu=me=1 kg, g=1m/s%,
Fi=sin(¢t), F;=0.

After the determination of the acting friction
forces both for the stick and slip states the dis-
continuous dynamic system can be transformed
into a piece-wise differentiable system. The num-
ber of degrees of freedom will therefore change
automatically as the simulation progresses.

3. The Modelling of
a Wagon Bogie

The ways to determine the friction forces dis-
cussed above are only for the one-dimensional
friction case. For the two-dimensional friction
case friction force components determination be-
come more complex (Xia, 2002). Though there is
a two-dimensional friction element that can be
used in Vampire but analysis is difficult as the
friction force can not be displayed as an output
in an simple system by the software. There is no
two-dimensional friction element in Adams/Rail.
To model the motions of the wagon bogie the
two-dimensional friction needs to be considered.
Here direction method will be used. The equa-
tions for the bogie system as shown in Fig. 8
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Fig. 8 Wagon bogie model
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can be written below.
For frame

M =Funut Fuorve + Fugzn+ Fuvexr — Fapet Flas (6)
My = Fuwisit Fuoiyr + Fuuit Fuamayr — Faxt Fuay (7)
L% r=Muwe+ Myos— Fop+ Muwe+ Miwy  (8)
where
Frux=Funxat Funxr+ Frwzxi+ Fuozer
Fruoy=Frunyit Froryr + Frwzi+ Fawzsr
and
Moawy= a (Fuuyt + Fparor — Funzyr— Fuoyr)
Micsx= b (Foars— Fuwrze T Frazes— Fuunr)
M= a(Fauryi + Fawiyr — Fruszy:— Fuoyr)
Musx= 2 Fuus.zs— Frunae + Frwazs— Frunr)

{10)

and for the front wheelset
mm'fm:me—Fﬂwlxl_lev_kalxl_kaln
mw'}"m:qu—Fuwm—me—me—qur

Lot in=Mure— b(Frnmi— Fuuorxr)
— b { Fuorxi— Fawixr)
and for the rear wheelset
Mk 2= Foze— Fuwoza— Futzr = Funsi— Fuexr (14)
MuYwe—Fuzy— Fuwayn — Funyr— Fiuwsyi— Fuanye  (15)

]vﬂzwz:Mwu— b {F#Wl_FﬂWZXF)
- b (kazzl— kaz.\'r)

where Fuix, Fuly, Fuex, Fuzy, Mu1, Muz denote
the forces acting on the corresponding wheelsets

(16)

which can be considered as wheel/rail contacting
forces. Fuwixt, Fuuwixr, -+ denote the friction forces
on the surfaces of frames and wheelsets {adap-
ters). Fusx, Fasy, Fas are the spring forces between
car body and frames. And Fiwixis Fawizr, -
denote the dead band stop forces between frame
and wheelsets.

Spring forces are introduced to describe the
impact forces that occur between side frames and
wheelsets as the clearances limits. The stiffness X
ts for all cases.

The motions of the system may be divided into
slip motion and stick motion. In the case of the
slip motion the friction forces on the contact

Copyright (C) 2005 NuriMedia Co., Ltd.
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surfaces between side frames and wheelsets can
be determined by the method described in (Xia,
2003) as:

Fouwei=msgn cos b
. (17)
Fﬂwiyiz Mrgi SIN 9;‘

where £ denotes the friction direction angle
which described in {Xia, 2003).

Obviously the independent degrees of freedom
of the system are seven for the slip motion state.

For the stick motion, one way to approach this
problem is to use the friction element which is
described in Figure 5 to determine the friction
force approximately. This approach fails because
there is only dry friction between a side frame
and wheelset. Another method is direct method
described in {(Eich-Soellner and Fithrer, 1998)
(Xia, 2002) . Firstly, switch conditions are needed
and can be written out as :

Viox=%w—x,=0
Viww=ur— ;=0
Vawors=9u1—yr—ay ;=0
Viwrx=%uwe—%r=0
Viwey="30z2— 35+ a¥ /=0
Viwr= Yuz— ¥,=0
and

Frennx< Fusois Fuww< Fueuy, Futwiy< Fugury

Furox < Fusunx, Fuewsy<Fusnny, Fueure< Fusuz 19
where
Foours= Forx— Frann— Fraeiar + Fie  Fux

My my
Froure="885 [ 06 f1,+C0S Burr) (20)

4
+g4& [c0S Bors €08 Gorr+0S Buz+C0S Busr )

F _Fufzx_Fuale—szerkax F)wx
no2x — T

Mw my my

szx=ﬁ4’%[cos Buze+COS Buszr ) (21)

+—i1& (€08 Bior 05 Giorr+cos Buzit o8 fozr)
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meu= Mm' _L [Fhwlxl‘kalxr] +A FH
Im Iw Il (22)
_ thy - thx
I; Ir
qu:m—zgj‘;&b[cos Bor1—08 Burr]
+m—ffl:/M (Sin Boit+sin Burr—sin Guze—sin Guar)
+meng’g[cos Birc—C0S B1r €08 Oorr—C0S Buns ]
Fpmzp= Mwu —“b‘ [kale_szxr] '*"i Fln
Iw If If (23)
- M‘W _ Mhux
Ir Ir
FMZﬂﬁ%&Q [COS Bori—cos 6wlr]

+m—’4§!M[Sin Bore+5in Opr,—sin oz ~S8in Guar ]

i DI

(qu‘le,v:_leyr)

My
L Foy=Funy | Mioxt Mamy +j
’ ms T 1/ 1/

Fym1y=ﬂ4fg&[sin anll+5in 6&7]7]
Mo

B [5in B+ B+ Bar Sin )

F wly =

Fa
(24)

megusab
T4

mygpsd’
L

[c08 Boti—c0S Borrtc0S Buzr—c0S Buzs)
[sin Bur, +5in Bty —sin Buzi—sin Huar)

and

(Fuzy— Fiatsi— Favzse)
M

Fuwoy=

Pl Hethin b p,

” If I

sz’:mTlrfw& [sin 0w21+5in 0:4;27: (25)

888 [5in G t-in Gour i Goartsin e ]
+-mf§IE’§ab_[C(E Bi1:— 08 Bu1s 08 Buzr—cos Bonr)

+m_f4gI'E‘_z_ [sin Boss+Sin Bprr—Sin Bpar~sin uzr)

From (20)-(21) for the stick state the presenting
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friction forces are

M (mw+ my)

F =
HpuLx e+ 2mMw

and

F;apwlu»:(Fpmw“j‘%(pupwu—Fppwzy]) I, (28)

FI‘PWZU':(FI“W_T%T(-FFPEI)!_FFPWZJ)) L (29)

In the same way the other presenting friction
forces in stick state can be derived without diffi-
cult, where g and y, denote static and kine-
matical friction coefficient respectively. There are
many formulas to describe the friction coefficient
change with the relative velocity (Popp, 1992}
(Xia, 2002). In this paper the velocity-dependent
friction coefficient g can be approximately de-
scribed by the hyperbolic secant function as (Xia
and True, 2003)

u( Vi) =pssec hla| Vi|)

+ e (1—sec k{a| V7])) (0)

where V; is the relative velocity between two
bodies; p¢s and ux denote static and kinetic fric-
tion coefficient respectively. By the selection of
different values of the parameter a the formula
yields different steepness of the continuous curve
that describes the change from the static to the
kinematical friction coefficient.

4. Simulation Results

The parameters of the wagon bogie used in
Australia are shown in Table 1.

The excitations on the wheelsets in longitudin-
al, lateral and yaw directions are described as a
sinusoidal function in the form

Fa=Ansin(pt) (31)

The total normal force on the surface between
frame and a wheelset which is used to determine
the friction force is set to be 10000 N.
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Table 1 Parameters of the wagon bogie

Terms Symbols | Units | Values
Frame my kg 1359
Frame I, kg m? 550
Wheelset Mw kg 1120
Wheelset Ly kg-m? 160
Stiffness between
N
Frame and wheelset k /m 4e6
Static friction
. 04
coefficient He
Kinetical friction 03
coefficient H '
Case 1.

In this case the exciting force on wheelset is
only longitudinal and symmetrical, the friction
on the surfaces between frame and wheelsets is
only one-dimensional. The parameters are : A=
10000 N, p=37x. Figures 9 shows the exciting
forces and Figure 10 shows the friction forces
between the frame and front wheelset and the
relative displacements. This is a one-dimensional
friction case and the friction force in lateral di-
rection is zero. The clearance between frame and
wheelset is set to be 4 mm and it is found that
the relative displacement takes up the clearance
and impact between frame and wheelset takes
place.

When small exciting force with the parameters
of An=4000N, p=3r on wheelsets then the
motion is always stuck as Fig. 11 shown.

Fig. 9 Exciting forces on wheelsets
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-X_(mm)

X

t[s]

Fig. 10 Friction forces and Relative displacements

In the stick state the present friction force is
not zero and changes smoothly depending on the
input forces and system parameters. The relative
displacements between frame and wheelsets are
zeros as they should be.

Case 2.

In this case the exciting forces on wheelset
are in both longitudinal and lateral directions
symmetrically, the friction on the surfaces be-
tween frame and wheelsets is two-dimensional.
The parameters of the excitations are: Amx=
2000 N, Amy=6000N, p=3x. Figure 12 shows
the friction forces and the relative displacements
in longitudinal and lateral direction respectively.
Figure 13 shows the excitation forces.

It can be found that all the relative displace-

=%, (mm)

X

t(s]

Fig. 11 Friction force and relative displacements
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Fig. 12 Friction forces and relative displacements

Fig. 13 Exciting forces on wheelsets

b —

{mmj}

¥

t[s]

Fig. 14 Exciting forces on wheelsets

ments between frame and wheelsets are zeros at
this level of excitations. If the excitation level
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Fig. 15 Friction forces and relative displace-

ments

increases to a certain large level as shown in
Fig. 14 then the stick-slip motion will take place.
The results are shown in Fig. 15.

5. Conclusion

Systems with dry friction can be considered as
structure varying multibody systems. The dyna-
mic system is discontinuous and can be trans-
ferred into differentiable system by determina-
tion of friction forces for both slip and stick
motions.

Using a friction element model to determine
friction force is a simple and approximate method
of treating stick-slip friction. It is easy to apply
and avoids the need to use switching conditions,
but the friction force in stick state is not stable.

The direct method can determine the friction
force exactly but the switch conditions will make
system complex. For a simple system it is prac-
tical but for a complicated system like wagon
bogie it is not easy to derive all switch conditions
and get the friction forces in stick state.

For the model developed in this paper, the
frame and wheelsets remain stuck when the ex-
citations on the wheelset are less than the level
shown in Figs. 12 and 13.
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