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On the Motion of the Structure Varying Multibody Systems 
with Two-Dimensional Dry Friction 
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In the present paper the dynamics  of  the structure varying mul t ibody systems caused by 

st ick-sl ip mot ion with two-d imens iona l  dry friction are analyzed. The  methods to determine 

friction force both in stick and slip states are described. The  direct method of  consider ing the 

wagon bogie system as a structure varying system was used to consider  two dimensional  friction 

at the wheelset-s ide frame connection.  The  concept of  friction direct ion angle used to determine 

the friction force components  o f  two-d imens iona l  dry friction both in the stick and slip mot ion 

states was used. A speed depended friction coefficient was used and described approximately  by 

hyperbol ic  secant function. All  switch condi t ions  were derived and friction forces both for stick 

and slip states. Some s imulat ion results are provided.  

Key W a r d s :  Mul t ibody  System, Dry Frict ion,  Structure Varying, Stick and Slip 

1. Introduction 

A m o n g  mechanical  systems there exist some 

systems of  which the degrees of  the freedom will 

vary with the change of  the acting dry friction 

force vector. A simple such system as Fig. 1 

shows, mass 2 is on the massl  and exciting forces 

F I on rnl and exciting force F2 on m2. The  mo- 

tions of  mass i and mass 2 have two states : stick 

together and slip against each other. The  stick 

mot ion means that the relative velocity br~=.¢l - 

.~2=0 and vice versa. Fo r  the stick mot ion the 

two masses move together the number  of  degrees 

of  freedom of  the system is one ; and for the slip 
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motion the number  of  degrees o f  freedom of  the 

system become two. The  system is therefore call- 

ed a structure varying system due to friction 

between two masses. The dynamic system is a 

discont inuous system. 

In the investigation on the dynamics of  a rail- 

way wagon bogie the two dimensional  dry fric- 

t ion exists on the surfaces o f  a side frame con- 

X~ 

F ~ _  F~  Fi 

Fig. 1 A simple structure varying system 
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tacting two wheelset axle in the longitudinal and 

lateral directions as shown in Fig. 2. Because 

of the effect of  the dry friction the stick-slip 

motions between the side frames and wheelsets 

will take place. As a consequence, the degrees of  

freedom of the system will vary according to the 

different motion modes. For example, when the 

relative velocity between a frame and a wheelset 

is equal to zero then the frame and the wheelset 

on the contact surface will move as one body both 

in the longitudinal and lateral directions. These 

structure varying systems can also be found in 

other mechanical systems. In the previous inves- 

tigation by the first author (Xia, 2002), friction 

direction angle is introduced to determine the 

friction force components. The angle plays a de- 

cisive role in the analysis of the structure varying 

system. 

The friction coefficient may be determined 

using Coulomb law, a static-dynamic friction mo- 

del or relative velocity-dependent friction models 

which can be described with various approximate 

lbrmulae. In our studies in order to use one for- 

mula to replace all the friction models we provide 

an approximate relation using the hyperbolic 

secant function to describe the velocity-dependent 

friction coefficient. By selection of different values 

of only one parameter the formula yields different 

steepness of the continuous curve that describes 

side flame wheelse! 1 wheelsel 2 bolstel / /  

the change from the static to the kinematical fric- 

tion coefficient. 

2. Methods to Determine 
Friction Force Both 

in Stick and Slip States  

To describe the structure varying system caus- 

ed by friction the key point is to determine the 

friction force both in stick and slip states. There 

are two methods to deal with the stick-slip mo- 

tion caused by dry friction: one is the so called 

direct method in which switch conditions are 

used to control the motion states and the other 

one is by introducing a dry friction element which 

consists of a Coulomb friction calculator in series 

with a spring. The friction force in stick state can 

be approximately determined from the spring de- 

gree of freedom. A suitable stiffness must be se- 

lected to get acceptable simulation accuracy. 

The friction element used in Vampire is des- 

cribed as shownin Fig. 3, (Vampire, 2002). The 

friction force is measured by relative displacement 

of the stiffness k~ both for stick and slip state. If 

the spring lbrce larger than the static friction force 

F, d2s and the relative velocity is from zero the 

acting friction force F u t = F ,  d2k; otherwise the 

acting friction force equals the spring force. This 

friction element is suitable to the case where there 

is only dry friction connection between two rela- 

tive movable bodies. This approach also has the 

following shortcomings. 

yaw- ~ x 

 ii= 

Fig. 2 The wagon bogie system 
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Fig. 3 Friction element used in Vampire 
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The first is that during stick mode the relative 

displacement between the two bodies is exactly 

zero, but in this friction element the stiffness is 

introduced to create a non-zero relative displace- 

ment between the two bodies through a suitably 

large stiffness element. 

The second is that the viscous damping added 

to this friction element may not actually be there. 

The reason it added is that during stuck mode the 

relative velocity between the two bodies is zero. 

Finally, the stiffness element must be selected to 

give suitable result, that means not small and not 

large. For a small value the relative displacement 

will be too large to be accepted for the practical 

case; for a large value high frequency noise will 

be introduced to the simulation. To show this a 

friction element of this type is applied to the sys- 

tem in Fig. 3. The friction force both in stick and 

slip states are shown in Fig. 4, where the para- 

meters are: F n : l N ,  /-ts=/z~=0.4. m~=m2 = 

1 kg, g = l  m/s z, k ~ = 5 E 4 N / M .  

Note the high frequency vibration in the stick 

mode regions. 

The second friction element was originally 

developed by Kolsch and implemented into the 

ADAMS/Rai l  later (Adams/Rail,  2002). The 

principle of this method is described in Fig. 5. 

The results are shown in Fig. 6. 

The force between the body l and body 2 is 

defined as : 

F = t G A d +  F~t (1) 

where Ad denotes the relative displacement be- 

tween the two bodies and F,~ is defined as: 

td, k l = K ~ A V { l _ O . 5 ( l + s i g n ( A V x F , 1  ) Fk~ m ) ~ } ( 2 )  

where A V denotes the relative velocity between 

the two bodies; H~ denotes the maximal static 

friction force and is the exponent of the transi- 

tion. 

k o  

" I F  ~ 

01 " .... :".. ......... " \ /., I . 

k, k: F 

Fig. 5 Friction element used in ADAMS/RAIL 
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Fig. 4 Friction force from friction element used in 
Vampire 
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Friction force from friction element introduc- 
ed in ADAMS/RAIL 
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This method is more accurate than the first 

one for the friction force calculation during stick 

mode but it cannot be used to describe the case 

where there is only dry friction connection be- 

tween two relative movable bodies. The obvious 

reason is that the parallel stiffness k0 limits the 

free relative motion between the two contacting 

bodies in the x direction. The Adams/Rail  fric- 

tion element can better describe the case where 

there is a spring connection between the two 

bodies. In that case the friction element gives a 

better approximate stick friction force, where 

the parameters are : Fn = 1 N, /zs=/z,----0.4. m l :  

m 2 = l  kg, g = l  m/s 2, k x = 5 E 4 N / m .  

For the direct method we take the system 

shown in Fig. 1 as an example, for the slip motion 

the friction force is determined by 

F,h  = N,u~ s i g n  (.ic l - 2 2) (3) 

In that case the system has two degrees of free- 

dom. For the stick motion, that is, the relative 

velocity between mx and m2 is zero, the friction 

force is then determined by (Xia, 2002) 

1 [ m 2 F l + m i F z ]  (4) F ~ s -  ml + m2 

The system has one degree of freedom during the 

stick motion process. And the switch conditions 

to control the motion from stick to slip are 

2 1 - 2 2 = 0  
(5) 

( mzF1 + mlF2) < (ml + mz) N/z~ 

o 
I.l-a ~ I • . q ..  : i 

ILl :., 2 -I , 'q 

[si r ['] 

~ 4o0 . .... i . . . .  ~ . . . .  

*[sl t[~_] 

F i g .  7 Friction forces and accelerations 

If the above conditions are met the motion of the 

system is stuck, and vice versa. By this method the 

friction force between two bodies of Figure 1 is 

shown in Figure 7, where the parameters are: 

N = I  N,/zs=/z~=0.4,  r n l = m 2 =  1 kg, g = l  m/s 2, 

F l = s i n ( t ) ,  F2=0.  

After the determination of the acting friction 

forces both for the stick and slip states the dis- 

continuous dynamic system can be transformed 

into a piece-wise differentiable system. The num- 

ber of degrees of freedom will therefore change 

automatically as the simulation progresses. 

3. The Modelling of 
a Wagon Bogie 

The ways to determine the friction forces dis- 

cussed above are only for the one-dimensional 

friction case. For the two-dimensional friction 

case friction force components determination be- 

come more complex (Xia, 2002). Though there is 

a two-dimensional friction element that can be 

used in Vampire but analysis is difficult as the 

friction force can not be displayed as an output 

in an simple system by the software. There is no 

two-dimensional friction element in Adams/Rail.  

To model the motions of the wagon bogie the 

two-dimensional friction needs to be considered. 

Here direction method will be used. The equa- 

tions for the bogie system as shown in Fig. 8 

( "  k~ 

i [ k .tl// k ,  x 

C k~ 

Fig, 8 Wagon bogie model 
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can be written below. 

For  frame 

mj)t I= F ~ . ,  + F~.:, + F..zx, + F~2,~- F ~  + F~.,~ (6) 

m:~ z= F,~,~,~ + F.=:~. + F.~**, + F~.~r- F ~  + F ~  (7) 

I~6~,=M,.., .:+M~y-F~,+M~w.:+M~,,~ (8) 

where 

F~,,o~ = F,,,,,, ~ + F~,.~x~ + F ~ x ~  + F~,~,,,. 
(9) 

F , ~  = F~,,,a:,~ + F,,wly~ + F,,,,a~ + F~,.z~,. 

and 

.M.~ = a (F,.~a~ + F ~ .  - F~.~., - F..,~.,-] 

f tO) 
M,,,~,= a ( F ~ , . ~  + F~,o~.. - F ~ , ~ , : -  F ~ , )  " 

.M~,~ =a  (F~=~ -F,,~n~ + F , ~ , ~ -  F . ~ . )  

and for the front wheelset 

r n ~ =  F ~ -  F . ~ , -  F ~ -  F ~ -  F~x~. (11) 

m~9~= F ~ - F ~ , -  F ~ t ~ - F ~ , ~ -  F ~ ,  (12) 

(13) 
- b ( F ~ : : , t -  F~m~) 

and for the rear wheelset 

m,,2 ~ =  F.,zx- F ~ . t -  F.,~x, - F ~ , -  F~,,¢,,~ (14) 

m w'9,~z = F ~ u  - F , . ~ t  - F . ~ .  - F . ~  - F ~ , ~  ( l 5) 

I~ ~t ,02 = M,o~* -- b ( Fmozx, -- F,,,~2=r ) 
-- b (F~- F,~=) (16) 

where F~lx, F~r ,  Fwzx, F~zr, M,~x, Mw~ denote 

the forces acting on the corresponding wheelsets 

which can be considered as wheel/rai l  contacting 

forces. Fa~:¢,, F u ~ , ,  "'" denote the friction forces 

on the surfaces of frames and wheelsets (adap- 

ters). F ~ ,  F ~ ,  F~,  are the spring forces between 

car body and frames. And F~tx~, F~,,~txr, "'" 
denote the dead band stop forces between frame 

and wheelsets. 

Spring forces are introduced to describe the 

impact forces that occur between side frames and 

wheelsets as the clearances limits. The stiffness K 

is for all cases. 

The motions of the system may be divided into 

slip motion and stick motion. In the case of the 

slip motion the friction forces on the contact 

surfaces between side frames and wheehcls can 

be determined by the method described in (Xia, 
2003) as : 

F . ~ i =  msgl2h cos Oi 
(17) 

Fawepi = mlglJ,, s in  8~ 

where 0 dcnotcs the friction direction angle 

which described in (Xia, 2003). 

Obviously the independent degrees of freedom 

of the system are seven for the slip motion state. 

For  the stick motion, one way to approach this 

problem is to use the friction element which is 

described in Figure 5 to determine the friction 

force approximately, This approach fails because 

there is only dry friction betwcen a side frame 

and wheelset. .Another method is direct method 

described in (Eich-Soellner and F~hrer ,  1998) 

(Xia, 2002). Firstly, switch conditions are needed 

and can be written out as : 

Vi~tx = x,.1 - . ~ f  = 0  

V~ , ,  = ¢;',~,- g', = 0  

V ~  =9~,~- 9,- a ¢, = 0  
(18) 

Vfwzx= £ wz - ~ f =O 

V m y  = 9  ~2- #, + a{#.=O 

= = o 

and 

F~t~1~ < F . ~ ,  F~ ,~  < F ~ l . ,  F . ~  < F . ~  
(19) 

where 

F ~ -  F~1~-F~l~-F,~1= ~ F ~  F ~  
m~ ml m! 

F ~ , ~ : ~ [ c o s  O~,,+cos &~,J (20) 

+4g~ - [cos a.v+cos 8~.+ces &2~+cos 0~2,] 

F m ~ - F ~ - F ~ - F ~ . ~  4 Fv~ F~,~ 
mw m/ 

F - ~  ~nx-  4 ~  t ~  &at+cos 0~2.) 

my 

(2t) 

+ 4 ~  - [cos &~+cos &~,+cos e..,+cos 8,nrl 
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F~¢~÷= M~, b b 
Lo Lo (22) 
M~m M ~  

b b 

F , ~ , = ~ [ c o s  0~-cos 0~] 41,, 

+ m ~ [ s i n  0=v+sin Owtr-sin &,2~-sin 0,~] 

+ msglt~b [cos 0~u-cos 0~a,+cos 0~-cos  0.a,] 4b 

M ~  /~ F b 
a. t  

(23) 

b b 

F,,~ = ~ [cos O,,~, -cos 0..- ] 4&, 

+ m~g--~k [sin 0.~+sin 0~,-sin 0~-sin 0..] 

+ m~.g--t~-~ [cos 0~x~-cos tg~+cos 0.~-cos 0~] 

(F.t,-L.w-Fh.l,,) 
mm 

+ F ~ - F ~  + 4- L ,  
ml b 

L _~gS_ sm "~-4m~ I" 0.,,+sin0~,,] 
(24) 

+4g-~ - [si~ 0~tt+sin Ü,,,+sin 0at+sin 0=,] 

+ ~ [ c o s  0..-cos 0.~.+cos 0,n~-cos 0¢~,] 

+ ~ [ s i n  0..+sin 0~,-sin 0~-sha 0.2,3 
'41f 

and 

(F,~-Pk,z,,-F~o~) 
F~t~2y-- mW 

+ F's'~nF, " +  M'~x + M'~' ~~ 

(25) 
+g~ [sin 0wl,+sin 0~, +sin 0~,+sin 8~,] 

+ m~e-z-~b [cos 0~.-cos 0.~,*cos 0.~-cos 0.~,] 4b 

+ ~  [Sin 0,it+Sill 0mr--Sin 0~t-sin Owzr] 

From (20)-(21) for the stick state the presenting 

friction forces are 

mm(mw+ml) 
F ~ p w x x - ' - - -  Fptwlx 

mI + 2mw (26) 

mi+2mw 

F~pw~x = m1F, nolx rnI+ m~ F ~ l x  (27) 
?P/to 

and 

F,.m,,,,, = ( F.n~,÷--~-z ( F.t.w~- F.t.,o~,) ) L. ( 28) 

F~p.u=( F , ~ - ~ I  (F,p.,,-F,,w,,) ) Iw (29) 

In the same way the other presenting friction 

forces in stick state can be derived without diffi- 

cult. where /~ and /zk denote static and kine- 

matical friction coefficient respectively. There are 

many formulas to describe the friction coefficient 
change with the relative velocity (Popp, 1992) 

(Xia. 2002). In this paper the velocity-dependent 

friction coefficient p can be approximately de- 

scribed by the hyperbolic secant function as (Xia 
and True, 2003) 

9 (V , )  = m  sec h(al V~]) (30) 
+uh( i -sec h(al V,I)) 

where Vr is the relative velocity between two 
bodies;  ,us and pk denote static and kinetic fric- 

tion coefficient respectively. By the selection of 

different values of the parameter a the formula 

yields different steepness of the continuous curve 
that describes the change from the static to the 

kinematical friction coefficient. 

4. S imulat ion  Resu l t s  

The parameters of the wagon bogie used in 

Australia are shown in Table 1. 

The excitations on the wheelsets in longitudin- 

al, lateral and yaw directions are described as a 

sinusoidal function in the form 

F~--~Am s in (p t )  (31) 

The total normal force on the surface between 
frame and a wheelset which is used to determine 

the friction force is set to be 10000 N. 
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Table 1 Parameters of the wagon bogie 

Terms Symbols 

Frame mz 

Frame 1f 

Wheelset rn~ 

Wheelset Iw 

Stiffness between 
k 

Frame and wheelset 

Static friction 
coefficient ,u~ 

Kinetical friction 
coefficient /tk 

Units 

kg 

kg.m 2 

kg 

kg. m z 

N/m 

Values 

1359 

550 

1120 

160 

4e6 

0.4 

0.3 

Case  1. 

In this case the exciting force on wheelset is 

only longitudinal and symmetrical, the friction 

on the surfaces between frame and wheelsets is 

only one-dimensional. The parameters are : Am = 

10000N, p=3zr. Figures 9 shows the exciting 

forces and Figure 10 shows the friction forces 

between the frame and front wheelset and the 

relative displacements. This is a one-dimensional 

friction case and the friction force in lateral di- 

rection is zero. The clearance between frame and 

wheelset is set to be 4 m m  and it is found that 

the relative displacement takes up the clearance 

and impact between frame and wheelset takes 

place. 

When small exciting force with the parameters 

of Am=40OON, p=3zr  on wheelsets then the 

motion is always stuck as Fig. 11 shown. 

10 

i -I0 
0 0 E, I I 5 2 

5 

x~ 

X z" 

N 

t [q 

" ~ ' r I~'. .I"~' 

1 

C 

-1 
0 _c 

Fig. 10 

J ! 
! 

I 

-~ - 0 5  

-1 
q i3 E, 

J 

t [-,] 

. . . . . . . . .  

i 
0 5  ~ 1 5  2 1 1E, .' 

t [s] t [4  

Friction forces and Relative displacements 

In the stick state the present friction force is 

not zero and changes smoothly depending on the 

input forces and system parameters. The relative 

displacements between frame and wheelsets are 

zeros as they should be. 

Case  2. 

In this case the exciting forces on wheelset 

are in both longitudinal and lateral directions 

symmetrically, the friction on the surfaces be- 

tween frame and wheelsets is two-dimensional. 

The parameters of  the excitations are: Amx= 
2000N, Amy=6000 N, p=37r. Figure 12 shows 

the friction forces and the relative displacements 

in longitudinal and lateral direction respectively. 

Figure 13 shows the excitation forces. 

It can be found that all the relative displace- 

' f " ;  ..... / qi .... 0 5  ~ . ~  c,_ ~ 

;5 I" ' 
0 0~- I i 6 

t[s] 

: i 

:-' '~" -1 
0 05 I 

'~ [s] 

Fig. 9 

05 ~ 15  -' 

t[~( 

if ' 

-q . . . . . .  " . . . . . . .  : . . . . . . . . . . . . . .  I 

3 . . . .  i i . . . . . .  

' '5_ 2 0 l-~ "3" I 5 2 

t [< 

Exciting forces on wheelsets 
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l 0 5  1 5  2 LJ V 5 I 5 2 

i o "  t [q  t[s] 

,.. • ..i...> 
O 0 5  I I ~ 2 i i) 5 1 1 "3 2 

t Is] r[~,] 

Fig. 11 Friction force and relative displacements 
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i l  13 
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Friction forces and relative displacements 
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Exciting forces on wheelsets 
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Fig. 14 Exciting forces on wheelsets 

i 5  2 

ments  be tween frame and  wheelsets  are zeros at 

this  level of  excitat ions.  I f  the exci ta t ion level 

+ i :i l + ' 

t [~_] t [.q 

!: , 

t [ q  t !-,] 

Fig. 15 Friction forces and relative displace- 

ments 

increases to a cer ta in  large level as s h o w n  in 

Fig. 14 then the s t ick-s l ip  mo t ion  will take place. 

The  results  are shown  in Fig. 15. 

5. Conclusion 

Systems with dry fr ict ion can be cons idered  as 

s t ructure  vary ing  mul t ibody  systems. The  dyna-  

mic system is d i scon t inuous  and  can  be t rans-  

ferred into di f ferent iable  system by de te rmina-  

t ion  of  fr ic t ion forces for bo th  slip and  stick 

mot ions .  

Us ing  a fr ict ion e lement  model  to de te rmine  

fr ict ion force is a s imple and  approx ima te  me thod  

of  t rea t ing  s t ick-s l ip  friction. It is easy to apply  

and  avo ids  the need to use swi tch ing  condi t ions ,  

but  the fr ict ion force in stick state is not  stable. 

The  direct  me thod  can de te rmine  the fr ict ion 

force exactly but  the switch cond i t ions  will make  

system complex.  Fo r  a s imple system it is prac- 

tical but  for a compl ica ted  system like wagon  

bogie  it is not  easy to der ive all switch cond i t ions  

and  get the fr ict ion forces in stick state. 

For  the model  developed in this  paper,  the 

frame and  wheelsets  remain  stuck when  the ex- 

c i ta t ions  on the wheelset  are less than  the level 

s h o w n  in Figs. 12 and  13. 
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